CONSTRUCTIONS OF SINGULAR RATIONAL SURFACES OF 
PICARD NUMBER ONE WITH AMPLE CANONICAL DIVISOR 

^ ^ DONGSEON HWANG AND JONGHAE KEUM 

O 

^^ ■ Abstract. KoUar gave a series of examples of rational surfaces of Picard 

number 1 with ample canonical divisor having cyclic singularities. In this 
^ ^ paper, we construct several series of new examples in a geometric way, i.e., 

by blowing up several times inside a configuration of curves on the projective 
^S) ' plane and then by contracting chains of rational curves. One series of our 

examples have the same singularities as KoUar's examples. 

o 
< 

'^ ' A rational surface S with quotient singularities has been studied extensively 

C^ , when its anti-canonical divisor —Kg is ample or numerically trivial. In the former 

case the surface is called a log del Pezzo surface, and in the latter case the surface 
is called a log Enriques surface. On the other hand, when Ks is ample, very little 
is known about the classification of such surfaces. Moreover, if in addition S has 
^ , Picard number p{S) = 1, nothing seems to be known except the examples due to 

\^ ; KoUar ([Kj, Example 43). 

CO . Kollar constructed a series of such examples by contracting two rational curves 

0^ ' on some well-chosen weighted projective hypersurfaces. We briefly review his con- 

struction. Let 

Q ■ Y = y(ai, a2, as, ai) := {xl^X2 + x'i^xj, -|- x'^x^ -|- x'^^X\ = 0) 

^^ ■ be a hypersurface in P(wi , t(;2, W3, W4), where a^ and the weights Wi satisfy a system 



>< 



1. Introduction 



of equations 




a\W\ -|- 1/72 = CL2W2 + W3 = 


izwz 


with solutions 




w\ = :;pr (020304 - 0304 + 04-1), 


W2 


Wi = -^{axa^a^ - a^a-i + 03 - 1), 

1 , 


w^ 



+ ?«4 = a4?«4 + W\ 



Cd ; wi = :;pr (020304 -0304 + 04 - 1), W2 = :;^(aia3a4 - 0104 -|- ai - 1), 

— r(aia2a3 - 0203 -H 03 - 1), 

d — — (aia2a3a4 — 1) 
w* 

where w* = gcd{wi, 102,103,1114). If w* = 1, then by Theorem 39 in |K], Y is 

a rational surface with 4 cyclic singularities at the coordinate vertices and with 

H2{Y,Q) ^ Q3 Tj^g ^^^ rational curves 

C\ :=: [xi ^ X3 ^ 0), C2 := {x2 = 2:4 = 0) 
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are extremal rays for the Ky + (1 — (')iCi + C'2) minimal model program for < 
e ^ 1. Thus Ci and C2 are both contractible to quotient singularities and we get 
a rational surface of Picard number 1, 

TT : F = 1^(01,02,03,04) -^ X = X(ai, 02,03, 04). 

If oi, 02, 03, 04 > 4, then Kx is ample by Theorem 39(5) in [K . The surface X has 
two cyclic singularities and no other singularities. 
First we determine the types of singularities of X. 

Theorem 1.1. Assume that w* = 1. Then the two cyclic singularities of the 
surface X{ai,a2T as, Qi) are of type 





— (^2,^4) and — (wi,W3) 

Sl S2 


where si = 04 W4 


— W3 and S2 = 03 W3 — W2. Their Hirzebruch-J 


fractions are 




[2_ 


.,2, 03,01, 2,..., 2] and [2, . . . , 2, 02, 04, 2, . . . , 2], 


04- 


-1 02 — 1 03 — 1 ai-1 



respectively. 

Remark 1.2. The condition w* ~ 1 gives some restriction on the choice of the 
integers Oi for X{ai, 02,03, 04). In particular, it rules out the possibility that oi = 
a2 = as — a^. 

We recall that a normal projective surface S with the same Betti numbers with 
P^ is called a Q-homology projective plane. When a normal projective surface S 
has quotient singularities only, S' is a Q-homology projective plane if the second 
Betti number 62 (-S*) — 1. For convenience, we adopt the following terminology: 
a Q-homology projective plane which is a rational surface is called a rational Q- 
homology projective plane. The surfaces X(oi, 02,03, 04) are rational Q-homology 
projective planes li w* = 1. 

Next, we give a geometric construction of a series of rational Q-homology projec- 
tive planes with ample canonical divisor having the same singularities as Kollar's 
examples. 

Theorem 1.3. For each integers 01,02,03,04 > 2, there exists a rational Q- 
homology projective plane T = T{ai, 02, 03, 04) with two cyclic singularities of type 

[V ■■,2,03, 01,2,..., 2] and [2, . . . , 2, 02,04,2, . . . , 2]. 

a^ — l a2 — 1 03 — ! Qi— 1 

The surfaces can be constructed by blowing up several times inside general 4 lines 
of P" and then by contracting two chains of rational curves. Moreover, 

(1) 1/01,02,03,04 > 3 and o^ > 3 for some i, then Kt is ample, 

(2) if oi = 02 = 03 = 04 = 3, then Kt is numerically trivial. 

Remark 1.4. Note that for any choice of the numbers Oi > 2, r(oi, 02, 03, 04) 
exists. Thus in terms of types of singularities our examples T(oi, 02,03, 04) include 
properly Kollar's examples X(oi, 02,03,04). 

Starting with different configurations of curves on P^ (see Section 5 and 6 for con- 
struction), we also construct other series of rational Q-homology projective planes 
with Ks ample having one or three cyclic singularities. 
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Theorem 1.5. For each integer b > 2, there exists a rational Q-homology projective 
plane S :— S(b) with a unique cyclic singularity of type 

Moreover, 

(1) ifb = 2, then Ks is numerically trivial, 

(2) if b > 2, then Ks is ample. 

Theorem 1.6. For each integer b > 2, there exists a rational Q-homology projective 
plane S :— S{b) with three cyclic singularities of type 

Moreover, 

(1) ifb<5, then ~Ks is ample, 

(2) if b = 5, then Ks is numerically trivial, 

(3) ifb>5, then Ks is ample. 

Using different configurations of curves on P^ or different blow-ups of the same 
configuration, it is possible to construct more examples with Ks ample having at 
most three cyclic singularities. 

The authors have shown that every rational Q-homology projective plane with 
quotient singularities has at most 4 singularities [HKlj . It seems impossible, or very 
difficult, to construct a rational Q-homology projective plane with Ks ample having 
4 cyclic singularities. We recall that there are rational Q-homology projective 
planes with Ks ample having an arbitrary number of rational singularities ( jHKl) . 
Introduction) . 

The original motivation of this study is the following conjecture called the alge- 
braic Montgomery- Yang problem: 

Conjecture 1.7 (^, Conjecture 30). Let 5 be a Q-homology projective plane 
with quotient singularities. If 7ri(S''^) = 1, then S has at most 3 singular points. 
Here 5'° denotes the smooth locus of S. 

Recently, the authors have confirmed Conjecture 11.71 unless S* is a rational Q- 
homology projective plane with cyclic singularities having ample canonical divisor 
( [HK2] . |HK3j ). Therefore, to solve the conjecture we need to study such surfaces. 
The result in this paper is the first step toward the goal. 

Throughout this paper, we work over the field C of complex numbers. 

Acknowledgements. DongSeon Hwang thanks Stephen Coughlan for helpful 
conversations. Both authors thank Miles Reid for helpful comments. 

2. Preliminaries 
Let T-i be the set of all Hirzcbruch-Jung continued fractions 

[ni,n2, ..., ni] = ni j , 

n2-—j- 

ni 
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i.e., 

v. = M{[ni, 712, ■ ■ ■ ,ni] I all Uj are integers > 2}. 
i>i 
We collect some notations and properties of Hirzebruch-Jung continued fractions 
for later use. 

Notation 2.1. For a fixed w = [ni,n2, ■ ■ ■ ,tii] £ TL, we define 

(1) \w\ — q, the order of the cyclic singularity corresponding to w, i.e., w ~ — 

with 1 < qi < q, gcd{q,qi) = 1. Note that \w\ is the absolute value of the 
determinant of the intersection matrix corresponding to w. We also define 

(2) Uj := |[ni,n2, . . . ,rij-i]| (2 < j < I + 1), uq = 0, ui = 1, 

(3) Vj ■.^\[nj+i,nj+2,---,ni]\ {0<j<l-l), vi = l, vi+i=0. 
Note that u;+i = vo = \w\. 

Lemma 2.2. {Lemma 24 (6) in [HK3]) 

|[ni,...,nj_i,nj + l,nj+i, . . . , n/]| := Vj%lj + |[ni, ^2, . . ■ ,n;]|. 
Notation 2.3. [2 * a, 6, c, 2 * d] := [2, . . . , 2, 6, c, 2, . . . , 2] 

a d 

Lemma 2.4. 

|[2 * (a — 1), 6, c, 2 * (d — 1)]| = abed — abd — acd + ah + cd — a ~ d + I. 

Proof. It is easy to see that 

|[2* (a-l),2,2,2*(d-l)]| = a + d+l. 

By applying Lemma [2.21 (5 — 2) times, we get 

\[2*{a- l),b, 2,2*{d-l)]\=^{a + d+l) + (d+ l)a{b - 2). 

Again, by applying Lemma 12.21 (c — 2) times, we get 

\[2 * {a ~ l),b,c,2 * {d - 1)]\ ^ {a + d + I) + {d + l)a{b - 2) + d{ab - a + l)(c - 2), 

from which the result follows. D 

Now let X be a Q-homology projective plane with only cyclic singularities, and 
/ : X' — > X be its minimal resolution. For each singular point p oi X, the dual 
graph of f^^{p) is of the form 

O — O — ... — o 

^l,p ^2,p ^Ip.p 

which corresponds to the Hirzebruch-Jung continued fraction 

Wp = [ni^p,n2,p, . . . ,nip,p] 

where ^j.p's are irreducible components of f^^{p). We omit the subscript p if the 
meaning is clear from the context. 

Lemma 2.5. Let E be a {—l)-curve on X' . Then 

p£Sing{S)j=l ' P' 
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Proof. By Lemma 2.2 of |HKlj . we have the adjunction formula 



Kx, = riK^)- y: E(i-- 



p&Sing{S)j=l '' P' 

Intersecting the adjunction formula with E we get the equality. D 

We have the following criterion for ampleness of Kx ■ 

Lemma 2.6. (1) Kx is ample iff Ef*(Kx) > for all irreducible curves E 

not contracted by f iff Ef*{Kx) > for an irreducible curve E not con- 
tracted by f. 

(2) Kx is numerically trivial iff Ef*{Kx) — for all irreducible curves E not 
contracted by f iff Ef* {Kx ) = for an irreducible curve E not contracted 

byf. 

(3) —Kx is ample iff Ef*{Kx) < for all irreducible curves E not contracted 
by f iff Ef*{Kx) < for an irreducible curve E not contracted by f. 

Proof. Since X has Picard number 1, we have the trichotomy: Kx is ample; Kx 
is numerically trivial; —Kx is ample. The assertion follows from Ef*{Kx) — 
f*{E)Kx. □ 

3. Singularities of Kollar's examples 

In this section, we will prove Theorem 1 1.1 1 bv using the technique of unprojection 
[g. Let 

F = x1'^X2 + 2:2^x3 + a;3''a;4 + xl'^xi 
be the weighted homogeneous polynomial defining 

Y = ¥{01,02,03,04) C F{W1,W2,W3,W4). 

Recall that on Y there are two disjoint rational curves Ci = F{w2,W4) and C2 — 
¥{wi,W3). Write F as 

F = Axi + Bx3 
where 

A = Xi X2+x^^, B — X2 + X3 X4. 
By introducing a new variable 

A B 
yi = — = , 

X3 Xi 

we get an unprojection morphism Y -^ Yi where 

Yi = {x^yi = A,xiyi = -B) C V{wi,W2,W3,W4,Si), 

where 

si := deg(?;i) = OiWi - W3 = a2W2 - wi. 
This morphism contracts Ci to the singular point 

p= (0,0,0,0,1)6^1 

of Yi . It is easy to see that near p 

Yi =P{w2,W4,,Si). 

Thus the singular point p is of type — (102, W4). 
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Similarly, using another unprojection morphism contracting C2, we see that the 
other singularity is of type j-(wi,u'3) where 

S2 — aiwi — w^ — a^w^ — W2. 

Now we determine the types of singularities in terms of Hirzebruch- Jung contin- 
ued fraction. 

Notation 3.1. The expression 7 = 5 means that 7 is congruent to 8 modulo n. 

n 

Write 

— (w2,W4) = — (l,ii), —{wi,ws.) = —(1,^2) 

Si Si S2 S2 

where ti = aw/^ and i2 = Pw^ for some integers a and j3 satisfying 

Sl S2 

aw2 = 1, /3wi = 1- 

Sl S2 

The following lemma is immediate. 

Lemma 3.2. For an integer t, 

(1) t = au'4 if and only if tw2 = ^4, 

51 Sl 

(2) t = j3w3 if and only if twi = w^. 

52 S2 

Lemma 3.3. If w* = 1, then the following equalities hold: 

(1) [2 * (a4 - 1), 03, ai, 2 * (02 - 1)] = ^. 

ci 

(2) [2*(a3-l),a2,a4,2*(ai-l)] = ^. 

12 



Proof (1) Note that 



Sl = a4W4 — W3 

= 01020304 — 010204 — 020304 + 0102 + 0304 — 02—04 + 1 
= |[2 * (04 - l),03,oi,2 * (02 - 1)]| 



where the last equality follows from Lemma [ 

Now it is enough to show that |[2 * (04 — 2), 03,01, 2 * (02 — 1)]| = ii, i.e., 

I [2 * (04 — 2), 03,01, 2 * (02 — 1)]| = aw4. 

Sl 

Since 

W2 = 010304 — 0104 + 01-1 and 'W4 = 010203 — 0203 + 03 — 1, 

a direct computation shows 

|[2 * (04 - 2),03,ai,2 * (02 - l)]|w2 = W4 + (010304 - 01O3 - 0104 + 2ai - l)si 

= W4. 

Sl 

Now the assertion follows from Lemma [321 
(2) Similarly, note that 

S2 = OiWi — W4 

= 01020304 — 010203 — 010304 + 0404 + 0203 —04-03 + 1 

= |[2 * (03-1), 02, 04,2 *(ai-l)]|. 
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A direct computation also shows that 

|[2 * (03 - 2),a2,a4,2 * (ai - l)]|«;i = ^3 + (a2a3a4 - a2a4 - 0304 + 2a4 - l)s2 

= W3. 



Again the assertion follows from Lemma 



D 



We have proved Theorem ll.il 



4. Construction of T{ai, 02,03,04) 

We construct rational Q-homology projective planes with ample canonical divisor 
having the same singularities as Kollar's examples starting from the configuration 
of general four lines on P^ . 

Consider four general lines Li, L2, -^3, ^4 on P^. Choose four points among the 
six intersection points such that each Li passes through two of them. 




By blowing up each of the four marked intersection points twice, we get a rational 
surface Z{2, 2, 2, 2) having 12 rational curves such that 




is their dual graph. Here, • means a (— l)-curve and o means a (— 2)-curve. 

Let Z(2 + ri, 2 + r2, 2 + r3, 2 + r4) be the surface obtained from Z{2, 2, 2, 2) by 
blowing up ri times at EiCi Li, r2 times at i?2 H L2, r^ times at E3 f] L3 and r^ 
times at E^n L4, respectively. Set 

(01,02,03,04) := (2 + ri,2 + r2,2 + r3,2 + r4). 

Then Z(oi, 02, 03, 04) has the following configuration of rational curves. 
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04 — 1 a2 — 1 




03-1 



ai — 1 



Here, • means a (— l)-curve. By contracting the two maximal linear chains of 
rational curves denoted by white vertices, 

Z(ai, 02,03, 04) -^ T(ai,a2,a3,a4), 

we get a rational Q-homology projective plane T{ai, 02, 03, 04) with two cyclic quo- 
tient singularities. It has the same singularities as KoUar's example X{ai, 02, 03, 04) 
when w* = 1. 

Proposition 4.1. (1) // ai, 02, 03, 04 > 3 and a^ > 3 for some i, then Kt is 

ample. 
(2) If ai —02—0:^ — 04^ — 3, then Kt is numerically trivial. 

Proof. Let E := Ei he the (— l)-curve meeting the component of self-intersection 
— oi of the upper chain and the rightmost component of the bottom chain. By 
Lemma [^751 we see that 



Ef*{KT) 



ai-2 



1 



I [2* (04 - 1), 03,01, 2* (02 - 1) 
By a direct computation, 

02 — 1 04 — 1 



|[2 * (03 - 1), 02, 04, 2 * (oi - 1)] 



,2,03]! = 02 + (0304 - 04 + 1). 



By Lemma [231 
03—1 



ai-2 



[2, ...,2,02, 04, 2,..., 2] I 
= I [2 * (03 -1), 02, 04, 2* (01 -2)] 
= (oi - 1)020304 - (oi - 1)0203 - 04(01 - 1)03 + (oi - 1)04 

-1-0203 - (oi - 1) - 03 + 1 
= I [2* (03 - 1), 02, 04, 2* (oi - 1)]| - (020304 - 0203 - 0304-1-04 - 1). 



Thus 
Ef*[KT) = - 



0304 -1-02—04-1-1 



O2O3O4 — O2O3 — O3O4 -|- 04 — 2 



|[2 * (04 - 1), 03, 01, 2 * (02 - 1)1| I [2 * (03 - 1), 02, 04, 2 * (oi - 1)]| 
(02O3O4 - O3O4 -I- 04 - l){(oi - 1)(02 - l)(03 - l)(a4 - 1) - 0103 - 0204 + 2} 

|[2 * (04 - 1), 03,01, 2* (02 - 1)]| • |[2 * (03 - 1), 02,04, 2 * (oi - 1)]1 
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Note first that 

020304 ~ 0304 + 04 — 1 > 
if all ai > 2. 

Assume that a^ > 3 for every i = 1, 2, 3, 4. Then, it is easy to see that 

• 01O3 > 2(ai + 03) — 3, where the equality holds iff ai = a^ = 3, 

• a2a4 > 2(02 + 04) — 3, where the equality holds iff 02 = 04 = 3, 

• (ai - l)(a3 - 1) • (02 - l)(a4 - 1) > 2{(ai - l)(a3 - 1) + (02 - l)(a4 - 1)}, 
where the equality holds iff ai = a2 ~ a^ — a^ — 3. 

Thus 

(ai - l)(a2 - l)(a3 - l)(a4 - 1) - aia^ - 0204 + 2 

> 2{(ai - l)(a3 - 1) + (a2 - l)(a4 - 1)} - 0103 - a2a4 + 2 
= aias - 2(ai + 03) + 0204 - 2(a2 + 04) + 6 

> 0. 

Here, both inequalities become equalities iff ai = 02 = 03 = 04 = 3. Now we apply 
Lemma [221 to get the assertions. D 

This completes the proof of Theorem ll.3l 

Remark 4.2. It is easy to check the following: 

(1) Whcna, = aj = 2 for {i,j} e {{1, 2}, {1, 4}, {2, 3}, {3, 4}}, i^r is ample iff 
ak,ai > 6 or Ofe = 5, a; > 7 or a^ — 4,ai > 10, where {z, j, k, 1} — {1, 2, 3, 4}. 

(2) When ai = Qj = 2 for {i,j} G {{1,3}, {2,4}}, —Kt is ample for all ak,ai > 
2, where {i,j,fc,Z} = {1,2,3,4}. 

5. Examples with one cyclic singularity 

In this section, we construct a series of new rational Q-homology projective 
planes with Ks ample starting from a different configuration of curves in P^ . 
Consider the following configuration of 4 lilies and a nodal cubic curve in P^. 







U . 




> 


,^^ \. I" 


A, 


P3 


V2 x:^ 



The existence of the configuration can be checked as follows. Consider a plane 
nodal cubic curve 

C -.y^ = x^ ^x^ 
on C^. Let 

L\ : y = ax 
be a line passing through the node of C. \i a ^ ±1, L\ passes through C at a 
point pi different from the origin. For i = 2,3,4, we recursively define Li as the 
tangent line of C at Pi_i, and ipi as the another intersection point of Li and C . For 
a generic choice of a, we may assume that none of pi,P2,P3 is a flex of C, i.e., we 
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may assume that pi ^ P2,P2 i= Pi,Pi 7^ ^4, Now som.e calculation shows that there 
is a suitable number a ^ ±1 such that pi — p^, and pi ^ P2,P2 "^ Pz,Pz 7^ Pi- This 
shows the existence of such a configuration. 

Now, by blowing up the node once and the three other marked points three times 
each, we get a rational surface Z{2) with the following configuration of 15 rational 
curves 




Here, C and Li are the proper transforms of C and Li, a dotted curve is a (— 1)- 
curve and a solid curve is a (— 2)-curve if it is not specified as a (— 3)-curve. The 
surface Z[2) contains the following Hirzebruch-Jung string of rational curves 

-3 -2 -2 -2 -2 -2 -2 -2 -2 -3 
— — — — — — — — — 0. 

C A Li L2 Li 

Blowing up {b — 2) times the marked point P, we get a surface Z{b) with the 
following Hirzebruch-Jung string of rational curves 

6-2 




Now by contracting these rational curves, 

Zib) -> S{b), 

we get a rational Q-homology projective plane S{b) with a unique cyclic singularity 
of type 



1 



-(1,962-96+1) 



27fe2-366 + 4 

Let E be the exceptional curve of Z{b) — > Z{b — 1), i.e., the (— l)-curve with 
E.A = E.B = 1. Then by Lemma EH 

7 b-2 7 b-3 

3+1^7^,3,27^1 1 + |[3, 6, 27^,3, 27^1 



EriKs 



1 



1 



|[3,6,2,... ,2,3,2,. ..,2]| |[3, 6, 2, . . . , 2, 3, 2, . . . , 2]| 

7 6-2 7 b-2 

3 + (96-1) 1 + (276^-636 + 37) 



2762 -366 + 4 
18(6-2) 



2762 -366 + 4 



2762-366 + 4' 
Now Lemma [2.61 completes the proof of Theorem 1 1.5 1 
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Remark 5.1. One can get more examples by blowing up not only the marked point 
P but also the marked point P' or P". 

(1) Blowing up {b — 2) times the marked point P and (c — 2) times the marked 
point P' , we get a surface Z{b, c) with the following Hirzebruch-Jung string 
of rational curves 

c-2 6-2 

^T^, 3, b, 2, 2, c, 2, 2, 2, 2, 3,C^- 

Here b,c > 2. The resulting rational Q-homology projective plane S{b, c) 
has ample canonical class if b and c are not small. 

(2) Blowing up (6 — 2) times the marked point P and (c — 2) times the marked 
point P", we get a surface W{b, c) with the following Hirzebruch-Jung string 
of rational curves 

c-2 6-2 

^'^, 3, 6, 2, 2, 2, 2, 2, c, 2, 3,C^- 

Here b,c> 2. The resulting rational Q-homology projective plane T(b,c) 
has ample canonical class if b and c arc not small. 

6. Examples with three cyclic singularities 
Consider the following configuration of 3 concurrent lines and a conic on P^. 




By blowing up the marked point Q three times and the three other marked points 
twice each, we get a rational surface Z{2) with the following configuration of 13 
rational curves. 




Here, C and Li are the proper transforms of C and Li, a dotted line is a (— l)-curve 
and a solid line is a (— 2)-curve except Li which is a (— 3)-curve. Note that Z{2) 
contains the following three Hirzebruch-Jung strings of rational curves 



-3 -2 -2 

o — o — o 



-2 -2 -2 -2 
O — O — O — O — 
C La 



Blowing up (6 — 2) times the marked point P, we get a rational surface Z{b) with 
the following three Hirzebruch-Jung strings of rational curves 
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-2 -3 -2 -2 -2 -2 -6 -2 -2 

o, o — o — o, o — o — o — o— •••— o. 

Li L3 C -L2 -B 



Contracting these rational curves, 

Zih) ^ 5(6), 

we get a rational Q-homology projective plane S{b) with three cyclic singularities 
of type 

M, i(i,3), 5^,T^(M^^-^-i). 

Let E be the exceptional curve of Z{b) — > Z{h — 1), i.e., the (— l)-curve with 
E.C = E.B = 1. Then by Lemma [231 

FrrR- ^ = 1 _ (^+l) + 3 _ l + (3b^-5& + 3) ^ 2(6-5) 
^ ^ ^> 362-26-2 362-26-2 362-26-2' 

Now Lemma [nm completes the proof of Theorem ll.6l 

Remark 6.1. One can get more examples by blowing up not only the marked point 
P but also the marked points P' and P" . 

(1) Blowing up (6 — 2) times the marked point P and c times the marked point 
P", we get a surface with the following three Hirzebruch-Jung strings of 
rational curves 

c b 

[2], [2~^,3,2,2], [2,2 + c,6,2~^. 

Here 6 > 2, c > 0. The resulting rational Q-homology projective plane 
y(6, c) has ample canonical class if 6 and c are not small. 

(2) Blowing up (6 — 2) times the marked point P, once the marked point P' 
and c times the marked point P", we get a surface with the following two 
Hirzebruch-Jung strings of rational curves 

c b 

[27^,3,2,2,2,2], [2,2 + c,6+l,2~^. 

Here 6 > 2, c > 0. The resulting rational Q-homology projective plane 
y(6, c) has 2 cyclic singularities, and its canonical class is ample if 6 and c 
are not small. 
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